Abstract. We prove in a broad combinatorial setting, namely for finitely generated semipositive cancellative reduced binoids, that the Hilbert-Kunz multiplicity is a rational number independent of the characteristic.
Introduction
Let (R, m) be a commutative Noetherian local ring of dimension d containing a field K of positive characteristic p. For an ideal I and a prime power q = p e we define the ideal I
[q] = a q |a ∈ I which is the ideal generated by the qth power of the elements of I. Let I be an m-primary ideal of R and M a finite R-module. Then the R-modules M/I For the following problems the ring comes from a finitely generated Z-algebra by reduction modulo p. [p]
There are many situations where the Hilbert-Kunz multiplicity is independent of the characteristic p. For example, for toric rings ([Wat00]) or invariant rings as above the Hilbert-Kunz multiplicity is independent of the characteristic of the base field at least for almost all prime characteristics. But there are also examples where the Hilbert-Kunz multiplicity depends on the characteristic.
We can ask when the limit of the Hilbert-Kunz multiplicity exists for p → ∞. If so then this limit is a candidate for the Hilbert-Kunz multiplicity in characteristic zero. This leads us to the question of whether a characteristic zero Hilbert-Kunz multiplicity could be defined directly. In all known cases this limit exists. H. Brenner, J. Li and C. Miller ( [BreLiMil12] ) have observed that in all known cases where lim p→∞ e HK (R p ) exists then this double limit can be replaced by the limit of Problem 5.
If the rings are of a more combinatorial nature, like for example monoid rings ( [Eto02] , [Wat00] , [Bru05] ), Stanley-Reisner rings and binomial hypersurfaces ( [Con96] ), we have positive answers for all these problems. Also, the proofs in these cases are easier compared to the methods of P. Monsky, C. Han, P. Teixeira ( [MonHan93] , [MonTei04] , [MonTei06] ) or the geometric methods of H. Brenner and V. Trivedi ([Bre06] , [Bre07] , [TriFak03] , [Tri05a] , [Tri05b] , [Tri07] ). We want to generalize these results to a broad and unified concept of a combinatorial ring. For that we work with a new combinatorial structure namely binoids (pointed monoid) which were introduced in the thesis of S. Boettger [Boet15] . A binoid (N, +, 0, ∞) is a monoid with an absorbing element ∞ which means that for every a ∈ N we have a + ∞ = ∞ + a = ∞. This concept recovers among others monoid rings and Stanley-Reisner rings.
In the first four sections we will describe some basic properties of binoids and related objects, namely N -sets, smash products, exact sequences. Also we will give the definition and some properties on the dimension of binoids and their binoid algebras. In Section 5 we will define the Hilbert-Kunz function and multiplicity of binoids. This function is given by counting the elements in certain residue class binoids, and not the vector space dimension (or length) of residue class rings. We define the Hilbert-Kunz function and Hilbert-Kunz multiplicity not only for binoids but also for N + -primary ideals of N and a finitely generated N -set in the following way:
Let N be a finitely generated, semipositive binoid, T a finitely generated N -set and n an N + -primary ideal of N . Then we call the number
(where for a finite binoid we do not count ∞) the Hilbert-Kunz function of n on the N -set T at q. In particular, for T = N and n = N + we have
Note that this function is defined for all q ∈ N, not only for powers of a fixed prime number. Also note that this residue construction is possible in the category of binoids, not in the category of monoids. The combinatorial Hilbert-Kunz multiplicity is the limit of this function divided by q dim N , provided this limit exists and provided that there is a reasonable notion of dimension.
It turns out that the Hilbert-Kunz function of a binoid for q = p e is the same as the Hilbert-Kunz function of its binoid algebra over a field of characteristic p. Hence from here we have a chance to study the above mentioned five problems, by just studying the binoid case.
Since the Hilbert-Kunz function of binoids is given by just counting elements, not vector space dimensions, this reveals clearer the combinatorial nature of the problem. For example we have
So the computation of the Hilbert-Kunz function and multiplicity of a binoid is in some sense easier than the standard Hilbert-Kunz function and multiplicity. The following is our main combinatorial theorem (Theorem 7.6).
Theorem 1. Let N be a finitely generated, semipositive, cancellative, reduced binoid and n be an N + -primary ideal of N . Then e HK (n, N ) exists and is a rational number.
Note that this is a characteristic-free statement and that the existence does not follow from Monsky's theorem. From this result we can deduce a positive answers to our five problems, see Theorem 8.3 and Theorem 8.4 in the current setting.
The strategy to prove these theorems is to reduce it step by step to the corresponding results of lower dimensional binoids fulfilling further properties. The case of primary ideals in a normal toric setting was given by Eto, Bruns, Watanabe and is true without normality. The components of a reduced torsion-free cancellative binoid are toric, and the Hilbert-Kunz multiplicity depends only on the components of maximal dimension. In the proof of this we encounter also the non-reduced situation, and for this the (strongly) exact sequences of N -sets are extremely useful. The reduction from the case with torsion to the torsion-free case requires a deeper understanding of the torsion-freefication and its relation to the smash product of the torsion-free binoid and a finite group. In this setting we need to replace positive (local algebras) by semipositive (corresponding to semilocal algebras), so we also have to generalize the Hilbert-Kunz theory on the ring side.
Binoids and their properties
In this Section we will introduce (commutative) binoids, describe basic properties of binoids and binoid sets and their properties. For a general introduction to binoids we refer to [Boet15] , where most of the basic concepts were developed. We focus on material which is relevant for Hilbert-Kunz theory.
A binoid (N, +, 0, ∞) is a commutative monoid with an absorbing element ∞, given by the property x + ∞ = ∞. We write N , what the kernel is and what an ideal, a radical, a prime ideal is. Specific for an ideal I ⊆ N in a binoid is that there is a homomorphism M → M/I to the residue class binoid, where the ideal is sent to ∞ and which is injective elsewhere.
For every ideal I and q ∈ N + we will denote by
[q]I := qa | a ∈ I the ideal generated by the set {qa | a ∈ I}, which we call the qth Frobenius sum of the ideal. For a binoid homomorphism ϕ : N → M and an ideal I ⊆ N we denote by I + M the ideal generated by ϕ(I) and call it the extended ideal. Since [q] : N → N, x → qx, is a binoid homomorphism, the ideal [q]I can be considered as the extended ideal under this homomorphism. The extension of ideals commute with Frobenius sums. An ideal is called a primary ideal if rad(n) = N + . For an N + -primary ideal n also its Frobenius sums [q] n are N + -primary. For a finitely generated semipositive binoid and an N + -primary ideal n the residue class binoid N/n is a finite set.
An element a ∈ N is called nilpotent if na = a + · · · + a = ∞ for some n ∈ N. The set of all nilpotent elements will be denoted by nil(N ). We say that N is reduced if nil(N ) = {∞}. We call the quotient binoid N red := N/ nil(N ) the reduction of N . An element a ∈ N is a torsion element in case a = ∞ or na = nb for some b ∈ N, b = a, n 2. We say N is torsion-free if there are no other torsion elements in M besides ∞, i.e. na = nb implies a = b for every a, b ∈ N and n 1. A binoid is called torsion-free up to nilpotence if na = nb = ∞ implies a = b for every a, b ∈ N and n 1.
For an integral binoid N we denote by diff N the difference binoid of N , which is a group binoid. If N is integral and cancellative then there is an injection
The spectrum of N , denoted by Spec N , is the set of all prime ideals of N . It can be made to a (finite, if N is finitely generated binoid) topological space. The combinatorial dimension of a binoid N , denoted by dim N , is the supremum of the lengths of strictly increasing chains of prime ideals of N . Without any further condition the Krull dimension of a binoid algebra K[N ] over a field K and dim N need not be the same. A binoid algebra is the monoid algebra where one additionally sets T ∞ = 0. 
N -sets
A pointed set (S, p) is a set S with a distinguished element p ∈ S. Let N be a binoid.
Definition 2.
1. An operation of N on a pointed set (S, p) is a map
such that the following conditions are fulfilled:
(1) For all n, m ∈ N and s ∈ S : (n + m) + s = n + (m + s).
(2) For all s ∈ S : 0 + s = s.
Given a fixed binoid homomorphism N → M then M is an N -set in a natural way. This applies in particular for N itself and for residue class binoids. For an N -set (S, p) we say that a ∈ N is an annihilator if a + s = p for every s ∈ S. We denote the set of all annihilators by Ann S, which is an ideal of N . The N -set (S, p) is also an (N/a)-set for every ideal a ⊆ Ann S. If there exist finitely many elements s 1 , . . . , s k ∈ S such that for all s ∈ S we can write s = n + s j where n ∈ N , then we say that S is a finitely generated N -set. We call the elements s j N -generators.
For a finite N -set S we set #S = |S| − 1 = |S \ {p}|, so we do not count the distinguished point. For a family of N -sets (S i , p i ), i ∈ I, we define the pointed union of S i , i ∈ I, by
where is the disjoint union and a ∼ b if and only if a = b or a = p j , b = p k for some j, k. So the pointed union just contracts the points p j to one point. We write S ⊍r = ⊍ r i=1 S and in particular N ⊍r for the r-folded pointed union of N with itself. For a homomorphism f : S → T of N -sets we set im(f ) = {t ∈ T | t = f (s) for some s ∈ S} and ker(f ) = {s ∈ S | f (s) = p T }.
For an N -subset S ⊆ T we define the quotient of T by S to be the N -set (T \ S) ∪ p and denoted it by T /S, so S is contracted to a point.
The following statements are analogous to statements about modules, for the easy proofs we refer to [Bat14] . Proposition 2.3. Let N be a finitely generated binoid, J be an ideal of N and
Proof. See [Bat14, Proposition 1.5.8].
Lemma 2.4. Let N be a binoid, I ⊆ N an ideal of N and (T, p) be an N -set. If r is some positive integer then we have a canonical N -set isomorphism
Proof. See [Bat14, Lemma 1.5.9].
Lemma 2.5. Let N be a binoid, (S, p S ), (T, p T ) N -sets and I ⊆ N be an ideal of N . If we have a surjective N -set homomorphism φ : S → T then there exists a canonical surjective N -set homomorphismφ : S/(I + S) −→ T /(I + T ).
Proof. See [Bat14, Lemma 1.5.10].
Lemma 2.6. Let N be a binoid and T be an N -set. Then (1) For t 1 , . . . , t r ∈ T we can define an N -set homomorphism φ : The smash product of binoids and N -sets correspond to the tensor product of algebras and modules.
Definition 2.7. Let (S i , p i ) i∈I be a finite family of pointed sets and ∼ ∧ the relation on
Then the pointed set i∈I
Definition 2.8. Let N be a binoid, (S i , p i ) i∈I be a finite family of pointed N -sets and ∼ ∧N the equivalence relation on i∈I S i generated by
for all i, j ∈ I and n ∈ N . Then i∈I
is called the smash product of the family (S i ) i∈I over N .
Proposition 2.9. Let N be a binoid and S, T i , 1 i k be N -sets. Then
Proof. See [Bat14, Proposition 1.6.7].
Proposition 2.10. Let N be a binoid and (S, p) an N -set. If I is an ideal of N then
Proof. See [Bat14, Proposition 1.6.8].
Proposition 2.11. Let N be a binoid and J an ideal of N . If S is a finitely generated N -set then there is a surjective homomorphism (N/J) ⊍r → S ∧ N N/J, where r is the number of generators of S.
Proof. See [Bat14, Proposition 1.6.9].
Corollary 2.12. Let N be a finitely generated, semipositive binoid and J an N + -primary ideal of N . If S is a finitely generated N -set then S ∧ N N/J is finite.
Proof. See [Bat14, Corollary 1.6.10].
Lemma 2.13. Let M, N be binoids and I ⊆ M, J ⊆ N be ideals.
Proof. See [Bat14, Lemma 1.6.13].
Proposition 2.14. Let N, M be finite binoids, then
Theorem 2.15. Let M, N be non zero binoids of finite dimension. Then
Proof. See [Bat14, Theorem 1.8.5].
Exact sequences for N -sets
The concept of (strongly) exact sequences for N -sets is crucial to reduce statements on the Hilbert-Kunz function to lower dimensional binoids. 
Definition 3.2. Let N be a binoid. An exact sequence
Proposition 3.3. Let N be a binoid, S ⊆ T and U be N -sets. Then we have an exact sequence of N -sets
Proof. We have an exact sequence ∞ → S ֒→ T → T /S → ∞ and we can smash this sequence with U . Then we obtain a sequence
where φ 2 is the inclusion, φ 3 (s∧u) = s∧u ∈ T ∧ N U , φ 4 (t∧u) = [t]∧u and φ 5 ([t]∧u) = ∞. We know by definition that im
Example 3.4. Let N = N ∞ and S be an N -set with an operation given by n+s = f n (s), where f : S → S is a pointed map. Then we have an exact sequence
and we can smash this sequence with S over N . Then by Proposition 3.3, we get an exact sequence
We have also isomorphisms
and from here we get {n ∧ s | n 1,
and f (p) = p then this sequence is not strongly exact.
Proposition 3.5. Let N be a binoid, J ⊆ N an ideal and S ⊆ T be N -sets. Then we have a strongly exact sequence of N -sets
which is the same as
If S = I is an ideal of N and T = N , then we have the strongly exact sequence
Proof. From Proposition 3.3, when U = N/J, we have an exact sequence
By Proposition 2.10 we know that S ∧ N N/J ∼ = S/(J + S) and
. So we have a + s ∈ J + T , which means that a + s ∈ S ∩ (J + T ). Hence we have
Also, by Proposition 2.10 and Proposition 2.3, we get
So we can rewrite the previous exact sequence as
Here φ 1 (∞) = ∞, φ 2 is the inclusion (so it is injective), φ 3 is an inclusion (injective) on S \ (J + T ), φ 4 is surjective and outside of the kernel it is a bijection, φ 5 ([s]) = ∞. So it means that our sequence is a strongly exact sequence.
If S = I and T = N then we get
Proposition 3.6. Let N be a binoid and ∞ → S 1 → S 2 → · · · → S n → ∞ a strongly exact sequence of finite N -sets. Then
Corollary 3.7. Let N be a finitely generated, semipositive binoid and let I be an ideal of N . If J is an N + -primary ideal of N then
Proof. We want to apply Proposition 3.6 to the strongly exact sequence
from Proposition 3.5. To do this we have to show that the involved N -sets are finite. We know that N/J is a finite set. Also we know that I is a finitely generated N -set, so by Proposition 2.11 we have a surjective homomorphism (N/J)
r , which is a finite set. So we can apply Proposition 3.6 and get the result.
Algebras and Modules
In this section we will assume that K is a commutative ring (or just a field). We associate to a binoid a binoid algebra over K essentially in the same way how monoids yield monoid algebras.
Definition 4.1. The binoid algebra of a binoid N is the quotient algebra
where KN is the monoid algebra of N and X ∞ is the ideal in KN generated by the element X ∞ .
So we can consider K[N ] as the set of all formal sums m∈M r m X m , where M ⊆ N
• is finite, r m ∈ K and the multiplication is given by
as the set of all formal sums s∈U r s X s , where U ⊆ S • = S \ {p} is finite, r s ∈ K and the multiplication is given by
Here M is a finite subset of N and U is a finite subset of S. For an ideal I ⊆ N we get an ideal 
Proof. See [Bat14, Proposition 1.9.6].
Example 4.3. Let S = {a, b, p} be as in Example 3.4. Then we have an exact sequence of N -sets
So strong exactness is a necessary condition for Proposition 4.2.
Proposition 4.4. Let N be a binoid and S, T the N -sets. Then we have
and
Proof. See Corollary 3.5.2 in [Boet15] and [Bat14, Proposition 1.9.8].
Proposition 4.5. Let N be a binoid, S be an N -set and I be an ideal of N . Then we have
Proof. By Proposition 2.10 we have S/(I + S)
Hence from the compatibility of the K-functor with the residue class construction, Proposition 4.4 and the general isomorphism R/I ⊗ R V ∼ = V /IV we get
Lemma 4.6. Let N be a semipositive binoid and K some field of characteristic p which does not divide |N × |. Then K[N + ] is the intersection of finitely many maximal ideals. In particular, if N is a positive binoid then
Proof. Because of the fundamental theorem for finite abelian groups we can write
By assumption p does not divide α 1 , . . . , α r . So from these conditions we can deduce that
where K is the algebraic closure of K and ξ ij are the α i -th roots of unity. Hence the maximal ideals of KN × have the form m i1,...,ir = (X 1 − ξ 1i1 , . . . , X r − ξ rir ).
So we have finitely many maximal ideals in KN × with this form. We also know that the intersection of all maximal ideals of KN × is equal to nil(KN × ) and this is 0. Under the homomorphism KN × ֒→ KN × the preimage of a maximal ideal is maximal and therefore the intersection of the maximal ideals of KN × is 0 as well.
The Hilbert-Kunz function of a binoid
In this Section we introduce the Hilbert-Kunz function of a binoid. It is defined for a natural number q, an N + -primary ideal n and a finitely generated N -set T , where N fulfills some natural properties. The first lemma ensures that this function exists.
Lemma 5.1. Let N be a finitely generated, semipositive binoid, T a finitely generated N -set and n an N + -primary ideal of N . Then for every positive integer q we have
where r is the number of generators of T , s is the number of generators of N + and D is some constant.
Proof. Let t 1 , . . . , t r be generators of T and n 1 , . . . , n s be generators of
where u ∈ N × , or
where a j ∈ N, 1 i r. There are at most r|N × | elements of the first type. In the second case we know by the primary property that there exist d i ∈ N such that d i n i ∈ n for 1 i s. So if a j qd j , for some j, then t ∈ [q]n + T , which means
Definition 5.2. Let N be a finitely generated, semipositive binoid, T a finitely generated N -set and n an N + -primary ideal of N . Then we call the number
the Hilbert-Kunz function of n on the N -set T at q.
In particular, for T = N and n = N + we have Lemma 5.4. Let N be a finitely generated and semipositive binoid, (T, p) a finitely generated N -set and n an N + -primary ideal of N . Let a ⊆ Ann T be an ideal of N , where Ann T is the annihilator of T . Then T is also an N/a-set and we have HKF N (n, T, q) = HKF N/a ((n ∪ a)/a, T, q). Lemma 5.5. Let N be a finitely generated, semipositive binoid, S and T finitely generated N -sets and n an N + -primary ideal of N . Suppose that we have a surjective N -set homomorphism φ : S → T . Then for all q HKF(n, S, q) HKF(n, T, q).
Proof. By definition [q]n is an ideal of N . So by Lemma 2.5 we have a surjective homomorphism S/([q]n + S) −→ T /([q]n + T ). Hence
Definition 5.6. Let N be a finitely generated, semipositive binoid, T a finitely generated N -set and n an N + -primary ideal of N . Then the Hilbert-Kunz multiplicity of n on the N -set T is defined by
if this limit exists.
In particular for T = N and n = N + we set e HK (N ) := e HK (N + , N ) and denote it the Hilbert-Kunz multiplicity of M .
Note that here we work with the combinatorial dimension of N .
Theorem 5.7. Let N be a finitely generated, semipositive binoid and n an N + -primary ideal of N . If T is a finitely generated N -set and HKF(n, N, q) Cq dim N for every q ∈ N and some constant C (in particular, if e HK (n, N ) exists) then there exists α such that HKF(n, T, q) αq dim N . Proof. We have
Proof. By Lemma 2.4, we have a canonical isomorphism
. We can also easily check the other inclusion, so we have
Hence, from this result and Lemma 2.13, we get
By assumption M, N are semipositive, so we know M/[q]M + and N/[q]N + are finite binoids. Hence, by Proposition 2.14, we can conclude that
Theorem 5.9. Let M and N be binoids such that e HK (M ) and e HK (N ) exist. Then e HK (M ∧ N ) exists and e HK (M ∧ N ) = e HK (M ) · e HK (N ).
Proof. By definition
e HK (M ) · e HK (N ) = lim q→∞ HKF(M, q) q dim M · lim q→∞ HKF(N, q) q dim N = lim q→∞ HKF(M, q) · HKF(N, q) q dim M+dim N Lemma 5.8 = lim q→∞ HKF(M ∧ N, q) q dim M+dim N Theorem 2.15 = lim q→∞ HKF(M ∧ N, q) q dim M∧N = e HK (M ∧ N ).
Reduction to the integral and reduced case
We want to show that the Hilbert-Kunz multiplicity of a finitely generated semipositive cancellative reduced binoid exists by reducing it to the toric (not necessarily normal) case, i.e. to the case of a integral cancellative torsionfree binoid which was proven by Eto ([Eto02] ). If N is such a monoid and N ⊆N ⊆ diff N its normalization, and n a primary ideal with generators f 1 , . . . , f n , then the Hilbert-Kunz multiplicity e HK (n, N ) equals e HK (nN ,N ) , where nN denotes the extended ideal (see Lemma 6.3 below). If we write the normal toric positive monoidN asN = C ∩ Γ with a polyhedral cone C and the lattice Γ = diff N \ {∞}, then the Hilbert-Kunz multiplicity is the volume of the region inside C and outside of n i=1 f i + C. In this Section we show how to reduce the existence and rationality of the Hilbert-Kunz multiplicity to the integral and the reduced case.
Lemma 6.1. Suppose that for all finitely generated, semipositive, cancellative, integral and torsion-free binoids of dimension less or equal to d the Hilbert-Kunz multiplicity exists. Then (1) Let N be a finitely generated, semipositive, cancellative, torsion-free, reduced binoid of dimension d and let {p 1 , . . . , p s } be all minimal prime ideals of dimension d. Then the Hilbert-Kunz multiplicity of N exists, and
e HK (N/p i ).
(2) Let N be a finitely generated, semipositive, cancellative binoid of dimension d and torsion-free except for nilpotent elements. Then we have
for all q, where C is some constant.
Proof. We have finitely many minimal prime ideals {p 1 , . . . , p n } and n s. From reducedness we have
Also by Proposition 2.3 and the set identifications
Since N/p i is finitely generated, semipositive, cancellative, torsion-free and integral by assumption we know that
where d i := dim N/p i . Hence only the minimal prime ideals with dimension d i = d are important and we can write
Hence from set theory we know that
So from here we have
But we know that N/(p i ∪p j ) is finitely generated, semipositive, cancellative, torsion-free and integral so by Proposition 2.3 and the assumption we get
Hence from (1) and (2) we get
To prove the second statement, note that nil(N ) is an ideal of N and N red := N/ nil(N ) is reduced. Let a 1 , . . . , a s be the generators of nil(N ) and k i a i = ∞ but (k i − 1)a i = ∞, where k i ∈ N, 1 i s. We have a finite decreasing sequence
where
. So in particular there exists a sequence such that and M 0 = N, M t = N red . Hence there exists also such a sequence with this property of minimal length l. We will use induction on l to prove this Lemma.
For l = 0 we are in the reduced situation and the statement follows from the case above. So suppose that l is arbitrary and that for smaller l the statement is already proven. Suppose that a sequence as described is given. This means in particular that we have a strongly exact sequence
where f = f 0 . Hence M := N/(f ) has a decreasing sequence with the described property of length smaller than l, so by the induction hypothesis we know that #M/[q]M + Dq d for some constant D. By Corollary 3.7 we also have
Since 2f = ∞, we know that f annihilates the N -set (f ) + N . So (f ) + N is a finitely generated M -set (f is the only M -set generator of (f ) + N ). Hence by Lemma 2.6 we have a surjective homomorphism M −→ (f ) + N , which implies
But we also know that
From here we can conclude that
The same reduction steps hold when we allow torsion.
Lemma 6.2. Suppose that for all finitely generated, semipositive, cancellative and integral binoids of dimension less or equal to d the Hilbert-Kunz multiplicity exists. Then (1) Let N be a finitely generated, semipositive, cancellative and reduced binoid of dimension d and let {p 1 , . . . , p s } be all minimal prime ideals of dimension d. Then the Hilbert-Kunz multiplicity of N exists, and
(2) Let N be a finitely generated, cancellative and semipositive binoid of dimension
Proof. The proof is similar to the one of Lemma 6.1.
The following Lemma reduces in particular the case of a non-normal toric binoid to the normal toric case. A finite N -binoid M is an N -binoid which is finitely generated as an N -set.
Lemma 6.3. Suppose that for all finitely generated, cancellative, semipositive, integral binoids of dimension less than d, the Hilbert-Kunz function is bounded by Cq d−1 for some constant C. Let N be a finitely generated, semipositive, cancellative, integral binoid of dimension d and let n be an N + -primary ideal of N . Let M be a finite N -binoid which is birational over N . Suppose that e HK (n + M, M ) exists. Then e HK (n, N ) exists and it is equal to e HK (n + M, M ).
Proof. First note that n + M is an M + -primary ideal. By Proposition 3.5 applied to the N -sets S = N, T = M and the ideal J = [q]n we have the strongly exact sequence
By Proposition 3.6, we know that
It is easy to check that there exists (a common denominator) b ∈ N such that b+M ⊆ N , and that I := b + M = {∞} is an ideal of N which is isomorphic to M , because N is an integral binoid. We also know that I annihilates M/N , so M/N is an N/I-set and N/I is a finitely generated, semipositive, cancellative binoid and torsion-free up to nilpotence. 
From the last result and (3) we have that
Since extended ideals commute with Frobenius sums, we have #M/([q]n+M ) = #M/[q](n+ M ), which means that e HK (n, N ) = e HK (n + M, M ).
Theorem 6.4. Let N be a finitely generated, positive, cancellative, torsion-free and reduced binoid and let {p 1 , . . . , p s } be all minimal prime ideals with dimension d = dim N . Then
exists and it is a rational number.
Proof. This follows from Lemma 6.1 (1) and the toric case. Let N be a finitely generated, semipositive, cancellative and integral binoid. We know that
where smashing is over the trivial binoid T = {0, ∞}. Here T is the torsion part of the difference group, which is a finite commutative group, hence T = Z/k 1 × · · · × Z/k l . We will write elements x ∈ N • as x = f ∧ t with f ∈ Z m and t ∈ T . This representation is unique.
The relation ∼ tf on N given by a ∼ tf b if na = nb for some n 1 is a congruence and N tf := N/ ∼ tf is a torsion-free binoid which we call the torsion-freefication of
Hence we may assume N ⊆ F ∧ T ∞ and f ∧ t 1 ∼ tf g ∧ t 2 if and only if there exists n ∈ N such that n(f ∧ t 1 ) = n(g ∧ t 2 ), which means f = g ∈ F . We define the subsets
Proposition 7.1. Let F be a finitely generated, positive, cancellative, integral and torsion-free binoid. If T is a finite group then e HK (F ∧ T ∞ ) = e HK (F ) · |T |.
Proof. This follows from the toric case, Theorem 5.9 and the fact that for a finite group binoid the Hilbert Kunz multiplicity is just the order of the group.
In the following we write N ⊆ F ∧ T ∞ , where F ∼ = N tf , T is a finite group and diff N = diff F ∧ T ∞ . The strategy is to relate the Hilbert-Kunz multiplicity of N with that of F ∧ T ∞ .
Lemma 7.2. Let F be a binoid and T ∞ be a group binoid. Then we have a bijection between ideals of F and ideals of F ∧ T ∞ . The F + -primary ideals correspond to (F ∧ T ∞ ) + -primary ideals.
Proof. We have an inclusion
So we can consider for an ideal in F its extended ideal in F ∧ T ∞ , in other words we use
because 0 ∧ t j are units. Hence the map b → i −1 (b), where b is an ideal of F ∧ T ∞ , is inverse to the extension map. Let p ⊆ F be an F + -primary ideal and f ∧ t ∈ (F ∧ T ∞ ) + . Then there exists l ∈ N such that lf ∈ p, so l(f ∧t) = lf ∧lt = (lf ∧0)+(0∧lt) ∈ p+F ∧T ∞ , because 0 ∧ lt is a unit. Now let q be an F ∧ T ∞ + -primary ideal and f ∈ F + . Then
Lemma 7.3. Let N be a finitely generated, semipositive, cancellative, integral binoid. If F = N tf and T is the torsion subgroup of diff N then F ∧ T ∞ is finite and birational over N .
Proof. We can assume that diff
which means that these elements satisfy a pure integral equation over N . Let f i ∧ t i , 1 i k, be the generators of N , then {f i ∧ t j , | 1 i k, 1 j m} will give us an N -generating system of F ∧ T ∞ . This means that F ∧ T ∞ is finite over N .
Note that the notion birational makes sense though the corresponding binoid algebras are not integral in general.
Lemma 7.4. Let F be a finitely generated, positive, cancellative, torsion-free, integral binoid, T ∞ be a torsion group binoid and p be an F + -primary ideal of F . Then
In particular, the Hilbert-Kunz multiplicity exists and Proof. For every q ∈ N we have by Lemma 2.13 Proof. We know that n + F ∧ T ∞ is a primary ideal and by Lemma 7.2 that m is an F + -primary ideal of F . So by Lemma 7.4 we know that e HK (m + F ∧ T ∞ , F ∧ T ∞ ) exists and is equal to |T | · e Because of Lemma 7.3 and using induction over the dimension we can apply Lemma 6.3. Hence e N HK (n, N ) exists and is equal to e Theorem 7.6. Let N be a finitely generated, semipositive, cancellative, reduced binoid and n be an N + -primary ideal of N . Then e HK (n, N ) exists and is rational number.
Proof. This follows directly from Lemma 6.2 and Theorem 7.5.
Example 7.7. The binoid x, y /ax = ay (for a ∈ N + ) can be realized as (1 ∧ 0), (1 ∧ 1) ⊆ N ∧ (Z/a) ∞ . In this case, the torsion-freefication is N and the HilbertKunz multiplicity is a by Theorem 7.5, since e HK ((N) ∞ ) = 1 by Example 5.3 and HKF ((Z/a) ∞ , q) = |(Z/a)|.
Example 7.8. Let a = (2, 1), b = (3, 0) ∈ (N × Z/2) ∞ be the generators of a binoid N . This binoid is not torsion-free, since (6, 1) = (6, 0), but 2(6, 1) = 2(6, 0). The binoid is positive, its normalizationN = (N × Z/2) ∞ is only semipositive. It is not difficult to see that N tf ∼ = N ∞ \ {1} and the torsion group is T = Z/2. So by Theorem 7.5, we have Theorem 8.4. Let K be a field of characteristic p, N be a finitely generated, semipositive, cancellative, reduced binoid and n be an N + -primary ideal of N . Then
exists, is independent of the characteristic of K and it is a rational number.
Proof. By Theorem 7.6 we know that e HK (n, N ) exists and that it is a rational number. So by Theorem 8.2 we have the result.
